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An implementation of weak values is investigated in solid-state qubits. We demonstrate that
a weak value can be non-classical if and only if a Leggett-Garg inequality can also be violated.
Generalized weak values are described, where post-selection on a range of weak measurement results.
Imposing classical weak values permits the derivation of Leggett-Garg inequalities for bounded
operators. Our analysis is presented in terms of kicked quantum nondemolition measurements on a
quantum double-dot charge qubit.
PACS numbers: 73.23.-b,03.65.Ta,03.67.Lx
The seminal paper of Aharonov, Albert, and Vaidman
(AAV) introduces the concept of a weak value as a sta-
tistical average over realizations of a weak measurement,
where the system is both pre- and post-selected [1]. By
taking restricted averages, weak values can exceed the
range of eigenvalues associated with the observable in
question [1, 2, 3]. For example, AAV described how it
would be possible to use a weak measurement to mea-
sure (say) the σz eigenvalue of a spin-1/2 particle, and
determine an average value 〈σz〉 = 100. This predic-
tion of weak values that exceed the range of eigenvalues
(hereafter referred to as strange weak values) has now
been experimentally confirmed in quantum optics [4, 5],
though there have been past [6] and ongoing [7] debates
as to the interpretation of this strange prediction.
In parallel activity, Leggett and Garg have devised a
test of quantum mechanics for a single system using dif-
ferent ensembles of (projective) measurements at differ-
ent times and correlation functions of those outcomes
[8]. The original motivation was to test if there was a
size scale where quantum mechanics would break down.
Introduced as a “Bell-inequality in time”, the assump-
tions of Macrorealism (MAR) that could be verified by
a Non-Invasive Detector (NID) imply that their correla-
tion function obeys a Leggett-Garg inequality (LGI) that
quantum mechanics would violate, formally similar to the
inequality of Bell [9]. This inequality has recently been
generalized to weak measurements, using continuous [10]
or discrete [11] time correlation functions without the
need for ensemble averaging over multiple configurations.
The purpose of this paper is to demonstrate that a
proper notion of the classicality of a weak value also re-
quires the assumptions of MAR & NID. This fact also
shows that a strange weak value can serve the same pur-
pose envisioned by Leggett and Garg, namely as a test
of macroscopic quantum coherence. Furthering this con-
nection, we demonstrate that a strange weak value (that
requires averaging over a subset of post-selected data)
can be observed if and only if a generalized LGI (that
uses all the measurement data) can also be violated.
Our results are discussed in terms of solid-state
physics. We consider a double quantum dot (DQD) quan-
tum two-level system, with a capacitively coupled quan-
tum point contact (QPC) detector (c.f. Fig. 1) [12]. Us-
ing stroboscopic “kicked” measurements, the position of
the electron in the DQD is weakly measured. Our results
only depend on the ability to make weak measurements
on qubits, and therefore also extend to e.g. macroscopic
superconducting systems [13]. The weak value depen-
dence on the strength of the measurement is presented,
as well as a generalization where the post-selected aver-
aging is over a range of weak measurement results. Re-
cent experimental advances in nano-scale semiconductor
quantum dots have demonstrated (post-selected) single
electron statistics from a non-invasive QPC detector, in-
dicating that an experimental realization of weak values
in the solid-state is feasible in the near future [14].
Measurement scheme and implementation.—The DQD
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FIG. 1: Post-selected weak value 1〈I1〉ψ starting from an ini-
tial state |ψ〉 = (i|1〉+ |2〉)/√2 as a function of the unitary ro-
tation angle between the measurements. Strange weak values
exceed the classical bound on the system signal, shown with
horizontal lines at I = ±1. The weak value measurement
is implemented by averaging the QPC detector current (I1)
over a subensemble where the later QPC current gives a par-
ticular value (here I2 = +1). The different curves show how
the weak value changes for different measurement strengths.
2charge qubit is formed by quantum tunneling (with tun-
nel coupling energy ∆) that hybridizes the ground states
of two coupled quantum dots. The isolated DQD is de-
scribed by qubit Hamiltonian H0 = (ǫσz+∆σx)/2, where
the energy asymmetry between the levels (ǫ) is set to
zero. In order to measure a weak value it is necessary
to make measurements of varying strength on this qubit.
A convenient way of implementing this requirement for a
qubit is to make weak, kicked measurements on the DQD
charge operator (σz). The kicked measurements are sep-
arated in time by the qubit period, τq = 2π/∆, and can
be implemented with rapid periodic voltage pulses across
the QPC and recording the current from each kick. This
quantum nondemolition (QND) measurement effectively
eliminates the qubit Hamiltonian by going into the (stro-
boscopic) rotating frame [11, 15]. A second requirement
for measuring a weak value is to apply controlled uni-
tary operations to the qubit. This is implemented in the
kicked measurement scheme by inserting a “dislocation”
in the pulse sequence by waiting a non-integer fraction r
of τq between successive kicks, twait = rτq , that defines a
phase shift θ = 2πr.
To characterize the result of each measurement kick,
the parameters of the measurement process with an ideal
QPC detector are specified by the currents, I1 and I2,
produced by the detector when the qubit is in state |1〉
or |2〉 (see Fig. 1), and the detector shot noise power
SI = eI(1 − T ) (where T is the transparency) [16].
The typical integration time needed to distinguish the
qubit signal from the background noise is the measure-
ment time TM = 4SI/(I1 − I2)2. Shifted, dimension-
less variables may be introduced by defining the current
origin at I0 = (I1 + I2)/2, and scaling the current per
pulse as I − I0 = x(I1 − I2)/2, so I1,2 are mapped onto
x = ±1. We take x to be normally distributed with vari-
ance D = TM/τV . The typical number of kicks needed
to distinguish the two states is D, where we assume
D ≫ 1. The dimensionless current I after N kicks is
I = (1/N)∑Nn=1 xn.
Implications of a strange weak value.—In order to have
a precise meaning of the “quantumness” of the weak
value, we first will examine what assumptions are nec-
essary to have a classical weak value. Starting with a
pre-selected state |ψ〉, we first consider a weak measure-
ment of variable strength (N1 ∼ D), separated by a phase
shift θ from a second projective measurement (N2 ≫ D).
The assumption of MAR is that the measured system
always has a well defined value that furthermore can be
determined by a NID that does not alter the system.
MAR implies that the result In for the nth measurement
(which is generally composed of many QND kicks) can
be decomposed as In = Cn + ξn, where Cn is the sig-
nal from the system (recall −1 ≤ Cn ≤ 1) and ξn is a
white noise source that describes the Gaussian shot noise
of the detector [17]. This noise source satisfies 〈ξn〉 = 0
and 〈ξnξm〉 = (D/Nn)δm,n, where D/Nn is width of the
current distribution after Nn kicks have been performed.
We now consider the restricted average of the first weak
measurement result, I1, post-selected on the results of
the second projective measurement, I2. We introduce the
mixed notation I2〈I1〉ψ for this post-selected weak value
[18]. The linearity of (post-selected) averaging implies
I2〈I1〉ψ = I2〈C1〉ψ + I2〈ξ1〉ψ . (1)
The second measurement is projective, so its uncertainty,
〈ξ22〉 = D/N2, vanishes as N2 → ∞, leaving just the sig-
nal (I2 = C2) which can be 1 or −1. The first term
in Eq. (1) is just the post-selected classical average of
the signal, which can have any time dependence so long
as it is bounded between [−1, 1]. This term is therefore
trivially bounded, −1 ≤ I2〈C1〉ψ ≤ 1. The second term
in Eq. (1) can be analyzed by invoking NID: the bare
detector noise in the past (ξ1) does not affect the sys-
tem signal in the future (I2 = C2), so ξ1 is uncorrelated
with C2. For an uncorrelated variable the conditional
(post-selected) and unconditional averages coincide, so
I2〈ξ1〉ψ1 = 〈ξ1〉ψ1 = 0. Summing up, MAR & NID imply
− 1 ≤ I2〈I1〉ψ ≤ 1. (2)
We stress the surprising result that NID must be invoked
to have a bounded weak value. Even for a classical sys-
tem, if the detector is invasive, it will be possible for the
post-selected weak value to exceed the signal bound of
the system.
Quantum Analysis.—We now reconsider the preceding
situation from a quantum point of view. The initial den-
sity matrix elements are ρij in the {|1〉, |2〉} basis. The
first weak measurement will give a specific QPC current,
I1, which according to the quantum Bayesian approach
[11, 19] will be selected from the probability distribution
P (I, N) = ρ11P (I, N |1) + ρ22P (I, N |2), (3)
where P (I, N |x) is a Gaussian distribution with an av-
erage of (−1)1+x, and a variance of D/N . The first mea-
surement alters the state of the qubit depending on the
outcome of the measurement, I1, partially collapsing the
state. The new density matrix after the measurement is
ρ′ =
1
ρ11eγ1 + ρ22e−γ1
(
ρ11e
γ1 ρ12
ρ∗12 ρ22e
−γ1
)
, (4)
where we define γi = IiNi/D. We now wait a non-integer
multiple of the qubit period, twait before the next mea-
surement kick. This will cause a unitary rotation Ux(θ)
about the x-axis by an angle θ, giving ρ˜ = Uxρ
′
U
†
x as
the new density matrix. The second projective measure-
ment on the system is implemented with N2 ≫ 1 QND
kicks, giving I2 = 1 with probability ρ˜11 and I2 = −1
with probability ρ˜22.
Now the post-selection can be performed and the weak
value calculated. We have available the probability of
3measuring I2 given a specific I1 (either ρ˜11 or ρ˜22), but
to average over the post-selected ensemble, we need the
probability of measuring I1 given the chosen result I2.
Bayes’ Theorem, P (I1|I2) = P (I2|I1)P (I1)/P (I2) al-
lows us to calculate this conditional probability. The
weak values are then given by
I2〈I1〉ψ =
∞∫
−∞
I1P (I1|I2)dI1. (5)
Applying the result (3) with ρ → ρ˜, together with the
new density matrix ρ˜, we find for the weak value (5)
1〈I1〉ψ =
cos2( θ2 )ρ11 − sin2( θ2 )ρ22
cos2( θ2 )ρ11 + sin
2( θ2 )ρ22 − sin θ Imρ12e−S1
,
−1〈I1〉ψ =
sin2( θ2 )ρ11 − cos2( θ2 )ρ22
sin2( θ2 )ρ11 + cos
2( θ2 )ρ22 + sin θ Imρ12e
−S1
,
(6)
where S1,2 = N1,2/(2D) is the strength of the measure-
ment. We will see shortly that the weak values can
exceed the classical range [-1,1]. For an initial state
|ψ〉 = (i|1〉+ |2〉)/√2, the weak values simplify to
±1〈I1〉ψ = ± cos θ
1± sin θ exp(−S1) . (7)
In the limit S1 → 0 the weak values diverge for certain
values of θ. For realistic, finite strength, measurements
(S1 ∼ 1) there can still be intervals of θ that produce
strange weak values (see Fig. 1). Indeed, if we adjust the
angle θ appropriately, it is possible to observe a strange
weak value for any finite measurement strength. Maxi-
mizing the I2 = 1 weak value (7) as a function of θ (so
θmax = − arcsin exp(−S1)), gives a maximal weak value
1〈I1〉maxψ = 1/
√
1− exp(−2S1), (8)
which exceeds 1 for any finite strength S1.
Connection to the Leggett-Garg Inequality.— We now
show that strange weak values are essentially equiva-
lent to a violation of a generalized LGI. The original
LGI inequality was generalized to weak measurements
by considering an experiment similar to the one described
above, but with three weak measurements, IA, IB, and
IC , of arbitrary strength, separated by two Ux(θ) rota-
tions with angles θ1 and θ2 [11]. The correlation function,
B = KAB+KBC−KAC is defined, whereKnm = 〈InIm〉
is the (unconditional) correlation function of the current
results and n,m = A,B,C. A quantum analysis showed
that for any initial state,
B = cos θ1+cos θ2−cos θ1 cos θ2+sin θ1 sin θ2 exp(−SB),
(9)
while under the assumptions of MAR & NID, this func-
tion is bounded, −3 ≤ B ≤ 1. With the choice of certain
parameters (9) can violate this inequality (maximal vio-
lation is for SB ≪ 1, and θ1 = θ2 = π/3, so B = 3/2).
We now reformulate a specific LGI in terms of weak
values. It is important to note that Eq. (9) has no de-
pendence on the strength of the first or third measure-
ment, so we consider the special case N1, N3 → ∞ (i.e.
the first and last measurements are projective). For def-
initeness take ψ0 = (1, 0), so that the first measurement
result deterministically gives IA = 1 and Ux(θ1) rotates
the initial state to ψ = (cos θ1,−i sin θ1). This procedure
essentially uses the first projective measurement and sub-
sequent unitary operation to prepare an initial state ψ for
the weak value measurement (we now identify IB → I1
and IC → I2 from the preceding analysis). The correla-
tion function now becomes
B = 〈IB〉ψ + 〈IBIC〉ψ − 〈IC〉ψ. (10)
Here we see that the generalized LGI needs only two
measurements, together with their averages and corre-
lation function. The last (projective) measurement (IC)
will take the value of 1 or -1. This allows us to rewrite
Eq. (10) as
B = (2 1〈IB〉ψ − 1)PC(1) + PC(−1), (11)
where 1〈IB〉ψ is the weak value post-selected on IC = 1,
and PC(±1) is the unconditional probability of measuring
IC = ±1. Noting PC(−1) = 1 − PC(1), the classical
bound on the weak value (2) then implies
− 3 ≤ −4PC(1) + 1 = B ≤ PC(1) + PC(−1) = 1, (12)
which is the same inequality derived in Ref. [11] (though
for a more specific case). Thus, if a strange weak value
is experimentally observed, then a generalized Leggett-
Garg inequality will also be violated.
Furthermore the violation of this generalized LGI
(−3 ≤ B ≤ 1) implies the existence of a strange weak
value. Recalling the equality (11) (again for the spe-
cial case described above) we can convert the LGI into a
bound on the weak value,
−3 ≤ (2 1〈IB〉ψ − 1)PC(1) + 1− PC(1) ≤ 1,
−4 ≤ (2 1〈IB〉ψ − 2)PC(1) ≤ 0,
−1 ≤ 1〈IB〉ψ ≤ 1,
(13)
unless PC(1) = 0 [20]. Therefore, the generalized LGI
discussed above will be violated if and only if the weak
value is strange. This is an interesting result since the
generalized LGI per se requires no post-selection, only
simple correlation functions [21].
Weak Values from a range of measurements.—The
most important practical limitation on the above im-
plementation of weak values is the use of projective
measurements; a limitation that the generalized LGI of
Ref. [10, 11] does not have. We now generalize the weak
values of [1] to the situation where the final measurement
is weak (see also [22]), but post-selection occurs over a
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FIG. 2: Post-selected weak value [0,∞)〈I1〉maxψ starting from
an initial state |ψ〉 = (i|1〉 + |2〉)/√2 as a function of the
strength (S1 and S2) of both measurements. Strange weak
values exceed the classical bound on the system signal, and
are outside the black region. Weak values are labeled at the
contour lines.
partition of the measurement results into ranges of the
form I2 ∈ [l, u]. Following the preceding analysis we de-
fine the generalized weak value [l,u]〈I2〉ψ =
∫ I1P (I1|I2∈
[l, u])dI1. This value can be calculated explicitly within
our model in terms of error functions, but it is too lengthy
to present here. For definiteness, we again start with the
state |ψ〉 = (i|1〉+ |2〉)/√2 and consider the specific post-
selection range [0,∞), giving
[0,∞)〈I1〉ψ =
cos θ erf[
√
S2 ]
1 + sin θ exp(−S1) erf[
√
S2]
. (14)
In Fig. 2, we plot the maximized weak value versus the
measurement strengths S1 and S2. This result demon-
strates that the generalized strange weak value needs a
much stronger second measurement than the first (unlike
the LGI). Contours lines label weak values; the strange
ones are outside the black region.
Generalizations.—We briefly discuss the use of weak
values to derive a LGI for operators O with a finite
number of (ordered) discrete eigenvalues, λl < . . . <
λm. The weak value corresponding to this operator
is f 〈O〉i = 〈ψf |O|ψi〉/〈ψf |ψi〉 where |ψi,f 〉 is the (pre-
)post-selected state [1]. We define the generalized LGI
B˜ = 〈OAOB〉−〈OAOC〉+ 〈OBOC〉, where now the angle
brackets denote quantum expectations of the measure-
ments on the same operator O at times A and C (which
are projective), and time B (which is arbitrarily weak in
the AAV sense). Following steps similar to (10,11,12),
we can derive a LGI by imposing the eigenvalue bounds
on the weak values, λl ≤ f 〈O〉i ≤ λm to find
B˜ ≤ max(λ2l , λ2m), (15)
which will be violated by quantum mechanics (the lower
bounds are cumbersome and will be presented elsewhere).
Conclusions.—We have shown that any experiment
that demonstrates a strange weak value must also vio-
late a generalized LGI (notwithstanding [6]), though it is
possible to violate other LGIs that are not amenable to
a standard weak values analysis. The LGI involves only
simple correlation functions of the full data set, while
weak values need post-selection (post-selection may, how-
ever, be considered an exotic correlation function [22]).
We have also investigated the conditions under which
a weak value with a weak post-selection measurement
can be strange. The ability to be given a single data
record and say whether it was produced by a classical
or quantum system is surprising, and provides a test
of quantum coherence. The continuing development of
quantum-limited measurement in nanoelectronics should
make these predictions realizable in the near future.
We thank Howard Wiseman for helpful discussions,
and for suggesting a connection between the LGI and
weak values.
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